SMALL BIALGEBRAS WITH A PROJECTION: APPLICATIONS 



A. ARDIZZONI AND C. MENINI 



Abstract. In this paper wc continue the investigation started in [AMStr], dealing with bialge- 
bras A with an //-bilinear eoalgebra projeetion over an arbitrary subbialgebra H with antipode. 
These bialgebras can be described as deformed bosonizations R^^H of a pre-bialgebra R by 
H with a cocycle Here we describe the behavior of ^ in the case when R is f.d. and thin 
i.e. it is connected with one dimensional space of primitive elements. This is used to analyze 
the arithmetic properties of A. Meaningful results are obtained when H is cosemisimple. By 
means of Ore extension construction, we provide some examples of atypical situations (e.g. the 
multiplication of R is not //-colinear or § is non-trivial). 
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Introduction 

Let A be a bialgebra and assume that the coradical H oi A\s a. subbialgebra of A with antipode 
i.e. that A has the so-called dual Chevalley property. 



By using the Hochschild cohomology in monoidal categories, it was proved in AMStc , Theorem 
2.35] that the canonical injection of H in A has a retraction tt : A ^ H which is an i/-bilincar 
eoalgebra map. This led to the investigation of the structures of bialgebras A with an iJ-bilincar 
eoalgebra projection onto an arbitrary subbialgebra H with antipode. There is a full description 
of these structures in terms of prc-bialgebras in |J3^2? with a cocycle (called dual Yetter-Drinfeld 



quadruples in jAMStc , Definition 3.59]) and a bosonization type procedure. Namely (see [ |AMSt( 



Theorem 3.64]) to such an A one associates a 5-tuple {R,m,u,S,e) (called pre-bialgebra), where 
is a eoalgebra in the category {^yV, ®, K), u : K ^ R, m : R ® R ^ R are 
K-Vmeax maps satisfying five equalities (see Definition |l.3| ) which make R a sort of unital bialgebra 
in ^yT) with the following differences: the multiplication is not necessarily associative neither a 
morphism of iJ-comodules. This particular pre-bialgebra is also endowed with a i^-linear map 



: R® R H (called corresponding cocycle) which fulfills six equalities (see Definition 1.10 ). 
Then A can be reconstructed by these data. In fact the bialgebra A is isomorphic to R^^H which 
is R® H endowed with a suitable bialgebra structure that depends on the pre-bialgebra and the 
corresponding cocycle: this structure on R(E) H can be somehow regarded as a deformation of the 
usual bosonization structure (see [Rad| and [ Ma| ) via ^. In | AMStuj ], we proposed to describe 
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the bialgebra structure of R^^H. We did a first step by considering the case when the coalgebra 
R is A'^-dimensional and thin i.e. it is connected and the space of its primitive elements is one 
dimensional generated by y £ i?. It turned out that R, which usually carries a non-associative 
multiplication, is in fact an associative /^-algebra but not a braided bialgebra in ^yD. By 



means of this achievement, we proved the main results of [AMStu]. Explicitly we completely 
described the bialgebra structure of A whenever H is either f.d. or cosemisimple. This new 
description allowed us to construct another projection of A onto H which is normalized in the 
sense that it gives rise to a new pre-bialgebra (i?, m, u, 6, e) which is now a braided bialgebra 
in the category {^yV, (X), K) and in fact a quantum line (but still with a not necessarily trivial 
corresponding cocycle). 

In this paper (see Section ^) we investigate the properties of S, for a generic projection. Let 
< a, 6 < iV - 1. We know that 

C(2/" ® y^) = unless a + & = 0, y , iV, ^ 



whenever this makes sense. In Proposition 2.8, we prove that ^ (y" <8) y^) is always constant on 



the line a + b = N/2. It is also constant on the line a + b = N (respectively a + b = 3N/2) 
whenever [S.iy'^y^^^^^)]'^ = (respectively C(y®2/^^^^^) ~ 0)- When H is finitely dimensional or 
cosemisimple there is a primitive 9-th root of unity q € K, where 2 < 9 < N, and g ^ H,x ^ H* 
and X{N) € K such that ^{y (g> y^-^) = ^ (y^ <E) y^-^) = • • • = ^(y^-^ ®y) = X{N){1h ~ 



Moreover {H, g,x, X{N)) is a compatible datum for q (see Proposition 2.11 ) and the cocycle is 
completely described whenever ^(y ® = 0. In Theorem 2.14, we prove that the following 

assertions are equivalent: 

(a) m is left iJ-colinear; 

lb) N is odd or ^{y ® j/^/^-i) ^ g. 

(c) The n-th iterated power y'^" of y in i? and the n-th iterated power y'^" of y in A coincides 
for every < n < — 1; 

(d) R = Rq {H, g, x) is a quantum line. 

Furthermore we characterize when the bosonization R^j^^H is a Radford-Majid bosonization. 
In Section ||, we apply the foregoing results in the case when iJ is a Hopf algebra endowed with 



a so-called ad-invariant integral. In particular, in Proposition 3.7, we prove that if ^ ^ e (g) e, then 
we have = sh and g^ € Z (H) \{1h}- 



When H is cosemisimple (i.e. H is the coradical of A), we show (sec Corollary 4.11) that there 
exists a unique _ff-bilincar projection onto H. By the foregoing, this projection must be normalized 
so that the associated pre-bialgebra is always a quantum line. 

Let A he a finite dimensional bialgebra over a field K. Suppose that the coradical iJ of A is 
a subbialgebra of A with antipodc. Then A is a Hopf algebra and, as recalled above, there is 
a retraction -k : A ^ H (i.e. ttct = H where a : H ^ A denotes the canonical injection) that 
is an 7J-bilinear coalgebra map. Let (i?, m, u, 5, e) be the pre-bialgebra in associated to 



(A,7r, a) with corresponding cocycle ^. Then in Theorem 4.5, we proved that R is thin if and only 



if dimAi = 2 dim if. Part of this result is contained in |AS, Corollary, page 673] where it is proved 
that if dimAi = 2dimi7, then A is generated as an algebra by Ai. 

In order to completely describe a bialgebra A as above, for an arbitrary compatible datum 



{H, g,XT X{N)) (see Definition 1.6) we construct a Hopf algebra O (if, x, A (A^)) (sec Theorem 



4.2) which is endowed with a normalized projection onto H. Furthermore, we prove the following 



result (see Theorem 4.4). Assume that H is either a f.d. or cosemisimple Hopf algebra over a 
field K and A is a bialgebra endowed with an injective morphism of bialgebras a : H ^ A having 
a retraction tt : A ^ H (i.e. ttct = H) that is an ii-bilinear coalgebra map. If the underlying 
coalgebra in the pre-bialgebra in |f3^2? associated to {A,tt,(j) is A^-dimensional and thin, then 
A ~ O {H, g, X, A (N)) as a bialgebra for a suitable a compatible datum {H, g, x, A {N)) . Note that 
this holds in the particular case when A is a finite dimensional bialgebra with the dual Chevalley 
property such that dimAi = 2dimj4o. 
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These results will enable us to construct some interesting examples. In particular an example 
of a Hopf algebra of dimension 72 with a non normalized projection will be given in Example |6.4[ . 
This can be proved to be of minimal dimension with respect to this property (see Remark S.3). We 
also provide a minimal example where the pre-bialgebra is a quantum line but the bosonization is 
not a Radford-Majid bosonization (see Remark Theorem 6.5). An example of this situation where 



H is infinite dimensional is given in Example 6.1. In these two last examples H comes out to be 
cosemisimple. Thus, by Corollary 4.10, they can not be regarded as Radford-Majid bosonizations 



of the Hopf subalgebra H for some other set of compatible data. 



We assume for simplicity of the exposition that our ground field K has characteristic 
Anyway we point out that many results below are valid under weaker hypotheses. 



1. PRELIMINARIES 

Let i7 be a Hopf algebra over the field K. Recall that an object V in is a left iJ-module and 
a left _ff-comodule satisfying, for any h E H,v V , one of the following equivalent compatibility 
conditions: 

X!('*(l)'^)<-1>^(2) ® ('i(l)«)<0> = ^W"<-1> ® h(^2)V<0>, 

P{hv) = ^ /i(i)W<_i>S'(/i(3)) ® h(2)V<a>, 

where p : V H ®V \s, the coaction of H on V and for the action of H on V we used the notation 
hv, for every ft, e w e V. If there is danger of confusion we write ''w instead of hv. 

The tensor product V ®W oi two Yetter-Drinfcld modules is an object in via the diagonal 

action and the codiagonal coaction; the unit in ^yT> is K regarded as a left if-comodule via the 
map X \h ® X and as a left iJ-modulc via £h- Recall that, for every V,W € the braiding 

is given by: 

(1) Cv,W '-V ®W -^W ®V, Cy,vi/(t; (g) = ^W|;„i)W ® W(0)- 

If H has bijective antipode, then {^yV, c) is a braided category. 

1.1. Let R and S be two algebras in the braided category |J 3^2?. We can define a new algebra 
structure on S, by using the braiding (^ , and not the usual flip morphism. The multiplication 
in this case is defined by the formula: 

(2) (r(g) s) (t ® -y) = ^r(s(_i)i) (g) S(o)W. 

Let us remark that, for any algebra R m^yV, the smash product Ri^H is a particular case of this 
construction. Just take S = H endowed with the left adjoint action (i.e. ''x = '^h(^i-jxS (^(2)) , 
for every h,x £ H) and the usual left iJ-comodule structure. 

1.2. Let R and S be two coalgebras in the braided category ^yD. We can define a new coalgebra 
structure on R(E)S, by using the braiding (^, and not the usual flip morphism. The comultiplication 
in this case is defined by the formula: 



JR^S 



(r (g) s) = ^ r(i) r|^\^s(^) g) g) s^^^ 



Let us remark that, for any coalgebra R in ^yD, the smash coproduct R^H is a particular 
case of this construction. Just take S = H endowed with the left adjoint coaction (i.e. p (h) = 
J2 h(i)S (ft(3)) (g ft(2), for every h E H) and the usual left iJ-module structure. 



Definition 1.3. |AMStu| , Definition 2.3] Let iJ be a Hopf algebra. A pre-bialgebra {R,m,u,S,e) 
in consists of 

• a coalgebra {R, S, e) in the category {^yV, (g, K). 
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• two if-linear maps 

m: R® R and u : K ^ R 
such that, for aU r,s ^ R and h <E H, the foUowing relations are satisfied: 

(3) h ■ u{l) = e H {h)u{l) and pjiu{l) = 1h ® u{l) 

(4) Su{l) ^ u{l) ® u{l) and eii(l) = 1^; 

(5) hmR{r ® s) ='^mii{h(i)r ®h{2)s)\ 

(6) 5mR = {mfi®mii)5iitg,R and em_R = (e ® e); 

(7) mR{R®u)=R = mR{u®R); 

Note that (^) and (Q) mean that w is a coalgebra homomorphism in ^yV, (|^) and (||) 
mean that mi?, is left linear coalgebra homomorphism while means that u is a unit 
for mR. We fix the following notation 

5{r) ~ r'^^^ ® r^^-*, for every r <= R. 

A morphism f : {R,m,u,6,e) — > {R',m',u',S',e') of pre-bialgebras in ^yT> is a coalgebra 
homomorphism / : {R, 5, e) {R\ S' , e') in the category {^yV^ 0, K) such that 

/ o 771 = jTi' o (/ (x) /) and f o u = u' 

i.e. / is also a homomorphism of non-associative algebras. 

Remark 1.4. To explain the meaning of the concept of pre-bialgebra in ^yD, it is useful to 
compare it with the concept of a bialgebra in ||3^f . A pre-bialgebra is just a unital bialgebra in 
'^yV with the following differences: 

a) the multiplication is not necessarily associative; 

b) the multiplication is not necessarily a morphism of _ff-comodules. 

Definitions 1.5. Let q he a. primitive iV-th root of unity. Let if be a Hopf algebra, g £ H and 

Following | CDMM , Definition 2.1], we say that {H,g,x) is a Yetter-Drinfeld datum for q when- 
ever 

• .geG(i7), 

• X G H* is a character of H, 

• X (5) = 

• the following relation holds true 

(8) .9Xl^(^(i))'^(2) = X!'^(i)^(^(2))5- 

If {H, g, x) is a Yetter-Drinfeld datum for q, we denote by Rq the graded algebra K[X]/ (^^) 
hety = X+ (X^) . Then Rq can be endowed with a unique braided bialgebra structure 
in {^yV, ®, K), where the Yetter-Drinfeld module structure is given by 

hy^X {h) y and p{y)= 9®y 

and the coalgebra structure is defined by setting 

(S (y) = y «) 1 + 1 (g) y. 

In this way Rq becomes a brai ded Hopf algebra that will be denoted by Rq {H, g, x) and 
called a quantum line (see [ AS|). 

Definition 1.6. Let g be a primitive A'^-th root of unity. A compatible datum for g is a quadruple 
(i?, 5, X, A (AT)), where 

• {H, g, x) is a Yetter-Drinfeld datum for q, 
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• X{N) e K and A (TV) = if 

.9^ = Ih, or x"" {h) {Ih - g"") ^ ^ h^i) {Ih - g^) S (h^^)) , for some h e H, 
while A (N) is arbitrary otherwise. 

A compatible datum is called trivial whenever A (N) = and it is called non-trivial oth- 
erwise. 

Definition 1.7. We will say that a /C-coalgebra C is a thin coalgebra whenever 

dimA' Co = 1 and dim/^ P (C) = 1, 
where Co denotes the coradical of C and P (C) is the space of primitive elements of C. 



Lemma 1.8. | AMSti; , Lemma 2.7] Let H be a Hopf algebra and let (R, m, u, 6, e) be a finite dimen- 
sional pre-bialgebra in ^yD. Assume that R is a thin coalgebra where P{R) = Ky. Then there is 
a primitive 9-th root of unity q g K , where 2 < 9 < dim^^ (R), and g £ H,x & H* such that 

1) {H,g,x) is a Yetter-Drinfeld datum for q, 

2) "pR{y) = g®y, 

3) hy = xWu for every h G H . 

Definition 1.9. Let be a Hopf algebra and let {R,m,u,5,e) be a finite dimensional pre- 
bialgebra in ^yT>. Assume that i? is a thin coalgebra and let P{R) ~ Ky. Consider q and the 
Yctter-Drinfeld datum {H,g,x) for q as in Lemma Then {H,g,x) will be called the Yetter- 
Drinfeld datum associated to the pre-bialgebra {R,m,u,6,e) in relative to y or simply the 
Yetter-Drinfeld datum associated to y whenever there is no risk of confusion. 



Definitions 1.10. [|AMStu|, Definitions 3.1] Let 77 be a Hopf algebra. A cocycle for a pre-bialgebra 
{R, m, u, S, e) in |f 3^2? is a ^ftT-linear map 

R(»R^ H 

such that, for all r, s G i? and h d H , the following relations are satisfied: 

(9) Yl ^^h^)^ ® ^(2)-') = 5Z '^(i)^(^ ® (^^(2)) ; 

(10) = {-rriH ® Oi.i® PmR)^R'S^R and eh^ = mK(e ® e); 

(11) CR^Him (g) ^)6r0r = {ruH ® m_R)(^ (g) pR(g)R)6R^R; 

(12) mR{R (g) tur) = ruR^R ® p.R)[{mR ® ^)5r(^r (g R]; 

(13) mniS, ® H)[R ® {tur ® £,)5r^r\ — mjy(^ ® H){R CH,R)[{mR <S> £,)Sr0r (g i?]; 

(14) ^{R(E)u) = ^{u(E)R) = elH. 

We will also say that {R, m, u, 6, e) is a pre-bialgebra in with cocycle ^. 

A morphism f : ((i?, m, u, J, e) , ^) — > {{R' ,m' ,u' , 6' , s'), of pre-bialgebras with a cocycle in 
^y^i is a morphism / : (i?, m, m, 5, e) — > (i?', to', u', e') of pre-bialgebras in such that 

e' ° (./ ®f) = ^- 

For a pre-bialgebra (i?, to, u, (5, e) in fj^yZ? w ith cocycle ^, we have that (i?, u, to, ^) is a dual Yetter- 
Drinfeld quadruple in the sense of |AMSte, Definition 3.59] 

To any pre-bialgebra (i?, m, u, 6, e) in ^yV with cocycle ^ we associate (see [ ]AMSt4 Theorem 
3.62]) a bialgcbra _B = R^^H as follows. As a vector space it is i? g) if. 

The coalgebra structures arc: 

Aij(r#/i) = 5Z''*'^#^(-\)^i)®^!o)#^(2)' where (5(r)=^rW®r(2), 
esir^h) ^ e{r)eH{h). 
The algebra structures arc: 

m,B[{r4l^h) ® {sjl^k)] = ^ to" (r ® ''d's) g) m^(r ''d's) /i(2)fc. 
Uij(l) = u(l)#lff 



6 



A. ARDIZZONI AND C. MENINI 



where we use the notation 

(15) (m (g) £,)SR(g,fj{r ^ s) = ifi {r (g) s) = ^ m°(r (g) s) g) fh^ {r g) s) 

Note that the canonical injection a : H '—^ R=f/=^H is a bialgebra homomorphism. Furthermore the 



map 



TT : R^^H H : r#h 
is an i/-biUnear coalgebra retraction of a. 



e{r)h 



Definitions 1.11. [|AMStu|, Definitions 3.2] Let be a Hopf algebra, let A be a bialgebra and let 
(J : H ^ Ahc ai\ injcctive morphism of bialgebras having a retraction tt : A H (i.e. ttct ~ H) 
that is an iJ-bilincar coalgebra map. Set 

R = = {« e ^ I X! "(1) ^ ("(2)) = a ® Iff } 

Let T : A ^ R,T (a) = ^ a(x)crS'7r (a(2)) (see Proposition 1.13| ). The map 

uj : R g) H A, uj{r gi h) ^ ra{h) 

is an isomorphism of A'-vector spaces, the inverse being defined by 

: A^ R®H, uj^'^{a) = ^ a(i)crS'i/7r (a(2)) ® tt (a(3)) = ^ t (a(i)) ® tt (a(2)) . 

Clearly A defines, via uj, a bialgebra structure on R g H that will depend on the chosen a and tt. 
As shown in |3cha, 6.1] and [AMSte, Theorem 3.64], {R,m, u, S, e) is a pre-bialgebra in 'j^yV with 
cocycle ^ where 

(16) (5(r) =Xr(i)CTS'7r(r(2))(g)r(3) :=XT(r(i)) (g)r(2), e = e^ii?, 

the Yetter-Drinfeld module structure of R is given by 

''r = ^'^^H (/^(l)) , /3(?') =J2'^i^w) ® ^(2)' 

the maps u : K ^ R and to : i? g) i? — > i?, are defined by 

u = itjf , TO(r ® s) = X ''(i)S(i)0-5'7r(r(2)S(2)) = r (r s) 
and the cocycle ^ : Rg) R ^ H is the map defined by setting 

^(r (g) s) = 7r(r -a s)- 

This pre-bialgebra will be called the pre-bialgebra in associated to [A, tt, <t). Moreover ^ will 

be called the cocycle corresponding to (R,m,u,d,e). 

Then (cf. |Scha, 6.1]) lu : R^^H ^ A is a bialgebra isomorphism. 

Remark 1.12. Note that, starting from a pre-bialgebra {R,m.,u,6,e) in ^yV with cocycle ^, if 
we consider the maps 

a : H ^ R#^H and tt : R#^H H 

as in Definitions 1.1C| , then the pre-bialgebra in associated to [Rjj^^H, tt, a) is exactly 

{R,m,u,6,e) and the corresponding cocycle is exactly ^. 



Proposition 1.13. [AMStu, Proposition 3A]Let H be a Hopf algebra with antipode S, let A be a 
bialgebra and let a : H ^ A be an injective morphism of bialgebras having a retraction n : A ^ H 
(i.e. TTcr = H) that is an H-bilinear coalgebra map. Let {R,m,u,S,£) be the pre-bialgebra in ^yT> 

associated to {A, IT, a). 

Then the map r of Definitions is a surjective coalgebra homomorphism. Moreover 

T[a(7{h)] = T{a)eH{h), T[a{h)a]^ '^t (a) , 

r -rs = T{r -as), t (a) -r t (b) = t [t (a) -a b] , 

where a £ A, h ^ H and r, s £ R. 



SMALL BIALGEBRAS WITH A PROJECTION: APPLICATIONS 



7 



1.14. Let H he a Hopf algebra and let x G H* be a character. Let (M, pm) be a left iJ-comodule 
and {NjPn) be a right iJ-comodule. In the sequel we will use the well known i^-linear automor- 
phisms ifiM : M M and ipN ■ N ^ N defined by 

'Pm ('Ti) = (m ^ x) = X! ^ "^(0) ^^^^ i'N (n) ^ {x^ n) = ^ n(o)X (n^i)) 

Recall that ipM and ippf are (co)algebra automorphisms whenever M and arc if-comodule 
(co)algcbras. 

Proposition 1.15. Let H be a Hopf algebra over a field K. Let i = 1,2. Let A' be a bialgebra 
and let a'' : H A' be an injective morphism of bialgebras having a retraction tt* : H (i.e. 

n'a^ ^ H) that is an H -bilinear coalgebra map. Denote by {R\ , , 6^ , e^) the pre-bialgebra in 
associated to (A*,7r%(T*) with corresponding cocycle Set 

t' -.A' ^R' : t' (a) = a(i)CT*57r* (a(2)) and uj' : R'^^^H A\ uj' {u (g) h) = u -^2 a'{h). 

The assignments 

$ ^ r^^lj^i and 4> ^ w'^ {(j) ® H) [lo^) ^ 

define a bijective correspondence between the following data: 

(i) (iso)morphisms of bialgebras <^ : A^ ^ A^ such that $ o cr^ = cr^ and tt^ o $ — tt^. 
(ii) (iso)morphisms (j) : {{^R^ ,5^ ,e^^ ((i?^, m^, u^, 5^, e^), of pre-bialgebras 

with a cocycle in ^yL). 

Proof. It is straightforward. 

□ 



Lemma 1.16. Let H be a Hopf algebra over a field K. Let A be a bialgebra and let a : H ^ A 
be an injective morphism of bialgebras having a retraction tt : A — > iJ (i.e. na = Idjy) that is an 
H -bilinear coalgebra map. Let {R,m,u,S,e) be the pre-bialgebra in associated to {A,TT,a) 

and let ^ be the corresponding cocycle. Assume that R is a connected coalgebra. 
Then the following assertions are equivalent. 

(i) H is the coradical of A. 
(ii) H is cosemisimple. 

Proof, (i) ^ (ii) It is trivial. 



(ii) => (i) By Definitions 1.11, the morphism u) : R^^H A, w(r iSi h) = ra{h) is a bialgebra 



isomorphism. Since R is connected, by |AMSti;, Theorem 3.9], we have {R^^H)^ = K ® Hq 



K ®H. Through u wc get An= H. □ 



2. The cocycle 

Definition 2.1. Let C be a JiT-coalgebra, let s G N and let do, di, . . . , rf^ e C. Recall that (di)o<i<s 
is called a divided power sequence of elements in C whenever 

En 
dt ® dn-t 
t=Q 

for any < n < s. 

Notation 2.2. Let H be a Hopf algebra and let (i?, to, u, S, e) be a N -dimensional pre-bialgebra in 
with cocycle ^ in the sense of Definitions [77| and Assume that R is a thin coalgebra 

where P{R) ~ Ky. Let g ^ H and x G H* be such that {H,g,x) the Yetter-Drinfeld datum 



associated to y (see Definition l.i) and let q = xid)- 

From now on, we fix a basis of R consisting of a divided power sequence of non-zero elements 
in R 



do = Ir, di = y, . . . , dN-i 
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such that 



gdn = q^dn, for any < n < TV — 1, 
ydn^i = dn, for any 1 < n < N - 1, 

hdn = x" (h) dn, for any < n < N - 1. 



Such a basis exists in view of |AMStu, Lemmata 2.9 and 2.15]. From now on, we will also use the 
following notation 

Y:=y®\H, T:^lR®g, 
and we will denote by B {H) a basis for H. For N even we set 

X -.^ e (rfi ® dN/2-i) , X := iN/2 - 1)^! • (1^ ® x) . 

For every n g N, we will denote by Y"' and X"' the n-th power ofY and X in R^^H respectively. 



We recall from | AMSti ] some results that will be needed in the sequel. 
Lemma 2.3. Keep the assumptions and notations of 



2.L 



(17) 



i) |AMStu| , formula (24) in Lemma 3.10] Let < a,b < N - 1. Then, 

X"+'' {h) e (rfa ® 4) = XI ^(1)^ ® ^b) Sh^2) , for every h E H. 
h) |AMStu| , formula (31) in Theorem 3.11] //O < a < TV - 1, we have 
(18) K (di «) da)] = 0, for any c e N. 



iii) |AMSt4 formula (32) in Theorem 3.11] IfO<a,b<N and b < N - a, we have 

(19) p{dadb) = X (da)(_i) (4)(_i) ® (da)(o) (db) (^q) + 

<7(^-^>^ ida-^ ® db-j) (dO(_i) (rfj)^_i^ ® (dO(0) idl)iO) + 
-q3(^~') {d,dj)^_^^ ^ {da-, «) 4-j) ® id,dj) 



X]o<i<a,0<j<b 
0<i+j<a+b 



'{0} 



iv) I AMStu, formula (36)] For every < a, 6 < TV - 1 



(20) 



{ruR (g) ^)Sr0r {da (Xi 4) = X 



0<i<o,0<j<6 



7^(''-^) {d,dJ)®^{da-^®dl,-J). 



v) |AMSt4 formula (40)] For every < a,b < N - I, c > 

(21) ma <E> db)] - g^(''+'^e(rfa ® db) 

(22) ^^[e(rfa®4)] = e(rfa®4). 



(23) 



vi) AMStu , formula (44) in Lemma 3.16] For any a, 6 G N such that < a, 6 < TV — 1, we 
have: 

TV 3TV 
^ {da ® rffc) = unless a + = 0, — , TV, 

whenever this makes sense. 



Theorem 2.4. [AMStu, Theorem 3.14]ifeep the assumptions and notations of 2.^. Then: 

1) R is an associative algebra over K spanned by y. 

2) o(<z)==TV. 

3) y" = {n)^\dn, for every < n < TV — 1 and = 0. 
iy')o<t<N-i basis for R. 

5) R ^ Rq {H,g,x) quantum line, whenever m is left H-colinear. 



Next aim is to study the behavior of ^. 
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Proposition 2.5. Keep the assumptions and notations of 2.L Let < a,b,c < N — 1. We have 

(24) En< <, n< < ^'■'''"^^eK^d.d.Oel*-.®^-,) 

— ^0<t<o,0<j<c 

Moreover we obtain 

(25) ^ {da ^ didc) - ^ {dadi (E) dc) 

= V ^ q<--'^+-^ [d, ® 4) ^{da~^ ®dl)~y^ ^ q'^ {da ® dj)^ (di (g. 4-,) 

Proof. We evaluate the first term of (|l^) on da ® db ® dc. 

rriH (C ) [i? (mij ® C)<^-R®-r] ("^q ®db®dc) 
= mH{£,'E>H)[da(E){mB.(®0^mR{db®dc)] 

® En<-<.n<-< <l'^'-'^iida®ddj)^{db-^®d..,) 
We evaluate the second term of (|3|) on da® db® dc- 

mH{S, (g) H){R'® CH,R)[{mR O^mB. ® R]{da ® db ® dc) 
= mH{i ® H){R ® CH,R)[{mR O^R^R{da ® db) ® dc] 

® E . . 1'^"''^^^h{^ ® H) {d,dj ® CH,R K {da-^ ® db-j) ® 4]} 

Since CH,R{h ® r) ~ J2 '^i^ ® ^^2, we have 

CH,R{h ® 4) = E '^1'^'= ® ^2 = E ('^i) dc ® h2 ^ dc ® (fin (h) , 
that is CH,R{h ® dc) — dc® (p^ {h) . By (|l]), we get 

(26) CH.fi K(4-« » db-j) ® dc] ^dc®(pH K(4-j ® db-j)] = 5=l''+''-(*+^'l4 C(4-» 4-i)- 

Therefore we obtain 

mH{i ® H){R ® CHfi)[{mR ® O^R^R ® R]ida ® db ® dc) 

= V ^ ^ ^ ^, g^'*''"'^m//(e ® H) {d^dj ® CHfi. K {da-^ ® db-j) ® dc]} 

Finally by (^3|) , we have ( p^ ) . For 6 = 1 we obtain 

En.-. g^e(4®4)C(t^l®4-j)+V^^.^ £,{da®did,)£,{lR®dc-j) 

= En.-. 9'^""'^+'eR®t^c)e(4-»®4) + En.-. 9^'+'^^""''^c(t^.^i®4)e(4-.®ii?). 

By (0 we get 

E . . (4 ® 4) C {di ® dc-j) +Uda® 44) 
= En.-. 9''""'^+'^(4«'4)^(4-.«'4) + arfa4«>4) 

Finally we have that 

£_ {da ® 44) - £. {dadi ® dc) 

= En.-. '?'*""*^+'e(rf^®4)CK-^®4)-En.-. q'Hda®dj)adl®dc-j) 

= E . <z'^""'^+'e (4 ® 4) ^{da-^ ® rfi) - E . (4 ® 4) C (rfi ® 4-,) . 

a 



Statement 7) in the following Lemma 2.6 has already been proved in [AMStu, Lemma 3.26]. 
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Lemma 2.6. Keep the assumptions and notations of 2.L Assume that N is even and let x 



'■N/2-1 



). The 



have 



1) Aij {x) = (g) a; + X (g) Iff. 

2) {x) = 0, for any c S N. 

2') ip'jj {x) = (—1)^ X and ip'jj {x) = x for any c S N. 

3) x^/' {h)x = Y. hii)xS , for any h G H. 

4) xg + gx ~ 0. 

5) N/2 ^1=^ x = and N/2 is odd =^ x" 

6) N/2 even and H finite dimensional x 

7) H cosemisimple => x = 0. 



-2^0. 

0. 



Proof 1) By | lAMStii| , Lemma 3.25], for any 1 < 6 < A^/ 2, we have 

AH^idi <E) db) = ,9^+'' ® ^ (rfi ® db) + ? (di ® db) ® 1 



if- 

In particular, if > 4, we can apply this formula for b = N/2 — 1 and obtain Ajj {x) 
X + X (g) 1h- This equality still holds whenever iV = 2 as in this case x = ^ (di 

do) © e (di) = 0. Hence we obtained 1) and the first part of 5). 

2) Let c e N. By @, for every < a < TV - 1, we have x'^ (di (8) da)] 
ix) = 0. 

2') By formula |2l| and we have 

fH K(rfa <E> db)] = q'^^+'^^ida ® db), ma ® 4)] = ^(da ® 4 

so that Lpjrjx) = [q^/'^y X = (—1)^2; and tjj'jj [x) = x. 

3) By (O), for any 0<a,6<iV— 1 and for any h E H, we have 



.N/2 



''N/2-1 ) 



and hence 



{h) ^{da <g>db)=Yl hi)^ida <E> db)S {h^2) 



X 

In particular, for (a, b) ~ (1, N/2 — 1) , we get the required formula. 

4) If = g, from 3) we obtain q^^'^x =■ gxg^^ that is xg + ga; = 0. In particular 



(27) 

5) We have 

(28) n ?1 ^N/2 , 

From 1), we get S {x) = —g^^^^x so that 

Xii)xS (x(2)) ^ <?^/2x5 (x) + xxS (Ih) = ff'^/'a; (-g-^^^x) + x^ ^ 



^ ^«/^ [x)x = Y Xi^i-)XS (X(2) 



(-l)^/'xg~/2 



(-1) 



W/2 



0. Now, if N/2 is odd we get 2x^ = and hence 



Thus from (|28|), we obtain 

x^ = (char (if) = 0). 

6) If N/2 is even, then, from (|27|), we infer a;g^/2 = .g^/^x. Now by 1),Ah{x)= g^/^ 

Since if is finite dimensional there exists A {x) G K such that x — X (x) (^1h — <7^^^) (see e.g. 
[ AMStu , Theorem 0.1]) so that xg — gx. From 4) we also have xg + gx ^ so that xg ~ and 
hence a; = 0. 

7) Assume now that H is cosemisimple and let A G H* be a total integral. Then, regardless to 

the parity of N/2, by applying H®Xto Ah (x) = 5^/^ ® a: + a; 1// we get a; = A (x) (l^ - 5^^^) 
so that, as above, from xg + gx ~ we obtain xg = and hence x = 0. □ 



Proposition 2.7. [|AMStu| , Proposition 3.21] Take the hypothesis and notations of |g.4 If N is 
odd we have 

' '-^Ih forO<a<N-l 

lfl®C(2/®y^"^) fora^N. 



Y 
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// N is even, we have 

{y" ®\h forO<a< N/2 - 1 

-m.H X + y-®lH forN/2<a<N-l 

lR(^l{y^y''-') + {%-j^)X^ fora = N 

where X = {N/2 - 1)^! -(Ir^x). 

Proposition 2.8. Keep the assumptions and notations of^.^. 

1) Assume that N is even and let x = ^ (rfi ® di^/2-i)- Then, we have: 

(29) ay ® y"^'-') - ® y""^^-') = ■ • — ay""^^-' ®y) = iN/2 ~ i)^ix 

2) If x^ ~ 0, then we have 

(30) ay ® y""-') = ? (y' ® y""-') = • • • = ay""-' ® y)- 

Moreover in R^^H we have 

(31) = lR®^{y®y^-') 
3) If X = 0, then we have 

(32) ay ® y'''^'-') - e (y^ ® y'""/'-') =■■■ = ay'""'-' ®y)-0- 

Proof. Let 0<a,5<iV— 1. Then, from (^), we infer that 

ay" ® y'') = unless a + & = 0, y , TV, 

whenever they make sense. 

By Proposition 2.5 we have (p5|). 

1) Let us consider the case 1 < a, 1 < c and a + c + 1 < N/2 + 1 

Then for < i < a-1 we have i + c < a-l + c < N/2-1 so that, by (|3|), we get ^ (d^ (g) 4) = 0. 
Analogously for < j < c — 1 we have j + a < c— 1 + a < N/2 — 1 so that ^ {da ®dj) = 0. Hence if 
1 < a, 1 < c and a+c+1 < iV/2+1, by (|25|), we obtain ^(daSSdidc) = C (c^odi ® dc) .Since, in view of 



Theorem 2A_, y" = {ri)J.dn, for every < n < A^ — 1, we deduce that ^(?/° i?)?/^"'"'^) = ^ (8> y^) 

It is now clear that ( p9|) holds. 

2) Assume = 0. Let us prove that for any 1 < a, 1 < c and a + c + 1 = A^ one has 
^ {da ® didc) — ^ {dadi ® dc) . As above we will apply (|25|). 

^ {da <E) didc) - (, {dadi ® 4) 

= y g"("-*)+"at^.'^4)e(rfa-z0di)-y g^^(da®d,)^(di®4_j) 

^0<j<c ^'^^ ® "^^'^ ^ ^"^^ ^ '^'^-^'^ " (d^ ® dc-JV/2+l) ^ (c^l ® dw/2-l) 

= (d^ ^ djV/2-a) e (rfl ® dN/2-l) 

^^^^^^ (d, ® d,) $(d,_, ® di) = g-(^/2-l)+- ® 4) e(rfiV/2-l » rfl)] 

^Af/2-a ^ ^c(W/2-l)+c 



r(W/2-l)+c _ 



{q^^'Y ^ {-IT 



qN/2-a ^ -q- = -q-+^-N 
Let us consider the case 1 < a, 1 < c and a + c + 1 = A^. 

Assume N odd. Then for < i < a we have i + c < a + c = N —I so that, by (|2^), C (di ® dc) = 
always. Analogously ^ (da iX) dj) =0 for any j such that < j < c. Thus, in the case A^ is odd, one 
has ^ {da ® didc) = ^ (d^di ® dc) . 
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Assume N even. Then for < i < a we have i + c<a + c = N — 1 so that f {di ® dc) = 
unless i + c = N/2. In this case we obtain a-i = a - N/2 + c = N -1- N/2 = N/2 - 1. Since, 
by (p9|), we have 

_ 1 /N/2^ 



1 



for any 1 < a, 1 < 6 such that a + 6 = N /2, we get 



iN/2)^ 



N/2 



cN/2 



1 



C 
H 2 



, (^^/2), 



N/2 



iV/2 
1 



a;2 = 



iN/2)^_ 
In an analogous way we get 

so that for 1 < a, 1 < c and a + c+ 1 = iV, from (25), we deduce that <^ {da <S) didc) = £, {dadi (g) dc) . 
Therefore for any 1 < a, 1 < c and a + c + 1 — N one has ^ (da dic?c) = S, (dadi <E) dc) both 

1, then we obtain 

... = e(y^-i®y). 



in the even and in the odd case. Since ?/" ~ (n)^\dn, for every < n < 



^(y°(g)yi+^) ^ ^ {y"'^^ ^ y") . Therefore,wehave^(y8)y^~^) = C (y^ ® y^^^) 
Let us check that = 1_r ^ ^ (y ® y^~^) regardless the parity of N. 
By Proposition |2.7| , we have 

li?, 'X'^ (y®2/^"^) if iV is odd 

if is even 



AT 



,A-l^ 



('A-l\ 



1^ ifl^iely®/ ; . vjv/2;g- 

where, if N is even, by definition X = {N/2 — 1)^!!^' ® x. Since 

1 2 

(A^/2 — 1) ! Ij; = and hence we get (31) regardless to the parity of N. 



0, we obtain — 



3) Assume a; = and let us prove that 



3Ar 



0. 



^ (y" «) y*") = for a + b^ — , 1 < a, 6 < A^ - 1. 

Let u, w g N be such that 1 < u, u < A^ — 2, and u + v + 1 = 3N/2. Then for any < i < u we 
have l<i + v<u + v^ 3N/2 - 1 so that ^ (d^ » d^) = , , g (y' (g) y'') = unless i + u = A^. 

In this case, since 

(i + w) + (u - i + 1) = V + M + 1 = 3Af/2 

we have u - i + 1 = 3Af/2 - A^ = 7V/2 and hence i{du-i ® di) = (y""* ® y) 

In conclusion, for any 1 < u, v < A^ — 2, such that w + w + 1 = "iN /2, we have 
^ {di ® di,)^{du^i ® di) = 0, for < i < w. 
Similarly, for any 1 < m, u < A^ — 2, such that u + v + 1 = 3N/2, we have 

^ {du dj)£_ {di ® = 0, for Q<j<v. 

Therefore, by for any 1 < u, w < A^ — 2, such that u + v + 1 — 3N/2, we obtain 
C {du ® didi.) - {dudi (g) d^) 



E 



(d^ ® d^) ^(d„_^ ® di) - V g-'"^ (d„ ® d,) e (di <E> d,_,) 

0<i<'ii — 0<j<i^ 



0. 



From this we infer that, for any 1 < u,v < N — 2, such that u 
e (y" ® y 



1 = 3A^/2, we have 



= ^ (y"+^ ® y") . Thus, since 3Af/2 - 1 > A^, we have y^Af/a-i ^ q and hence we get 

= C(y ® y3^/2-i) = e(y' ® y'^/'-') = • • • = e f y^"^ S5 y^/^+i 
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□ 

Lemma 2.9. Keep the assumptions and notations of 2.L 

1) // N is odd then p [da) = g"" ® da, for any < a < TV — 1. 

2) If N is even then p (da) = g°' ® da, for any < a < N/2. 

Moreover we have p {didpf^2) ~ g^'^'^^^ (E)didj^/2 + i^g ~ igx) (E)di, where x = ^ (di ® dj^/2-1) ■ 



Proof 1) and the first part of 2) follow by ||AMStu| , Lemma 3.23]. Let t = N/2. Then, for any 
< i < 1,0 < j < t such that < i + j < 1 + t, we have 1 < {1 + 1) - (i + j) < 1 + t - 1 = 
N/2. Since {I - i) + {t - j) = {1 + t) - {i + j), by @) we have that ^ {di-i (g) dt-j) = unless 
{l + t) - {i+ j) = 1 + t-l = N/2 that is i + j = 1, i.e. {i,j) = (0,1) or {i,j) = (1,0) . Hence, by 
(|l|), for a = 1, & = f = N/2, we have 

p {didM/2) 

= ^g {dN/2) ® di {dN/2) +i{di® dN/2-1) g®di- qgi {di ® dN/2^1) ® di 
= 5^+^/^ + ^ (di ® dAr/2-i) g ® di - qg£, {di ® djv/2-1) ® ^i- 

□ 



Lemma 2.10. Keep the assumptions and notations of 2.L If either N is odd or N is even and 
a; = (e.g. N/2 is even or H is cosemisimple) then 

P{da) = g" ®da, 

for any < a < N 1. Moreover, in this case, R = Rq {H,g,x) is a quantum line. 



Proof. Recall that by Lemma 2.9, we have that 

• If iV is odd then p (da) = 5" da, for any < a < - 1. 

• If is even then p (da) = g"" ® da, for any < a < N /2. 

Thus assume that N is even and a; = 0. 

If N/2 + 1 < a + h < N, and Q <i+ j < a + b, since {a - i) + {h - j) = [a + h) ~{i+ j) , we 
have < (a — i) + (6 — j) < so that ^ [da-i ® di,_j) = unless (a — i) + (6 — j) — N/2 in view 
of dH). We have 

e (da-. ® 4-,) = , I,, , g {y''-' y'~') 9= {N/2 - l)^lx = 0. 

[a i)^. [0 J 

Summing up, we have obtained that 

^ {da-^ <E> db-j) = 0, if A^/2 + l<a + b<N,0<i+j<a + h. 
Therefore, by (^9|), we have 

P {dadb) = ^ {da){^i) (4)(_i) «) (rfa)(o> (4)(o) + 1 < a + b < N. 

Since p{da) = 5" ® rfa, for any < a < A^/2, and since dad^ — ^da+b, it is clear that 

the displayed relation above holds also for any < a + < A^/2. Thus, by applying | AMStij , 
Lemma 3.23], we obtain that p{da) = g"" ^ da, for any < a < iV — 1. From this wc infer that 
P [y") = .9° ® V", for any < a < iV - 1. 

This fact entails that the multiplication m of R is left if-colinear and hence, by Theorem ^.41 , 
R = Rq [H, g, x) is a quantum line. □ 



Proposition 2.11. Keep the assumptions and notations of 2.1 and assume that H is either f.d. 
or cosemisimple. 

1 ) Then, regardless to the parity of N, there exists A [N) g K such that 
(33) C(y y^-i) = C ® y^-2) = ■ • • = ^(y^-i ®y) = \{N){\h - .g^). 

Moreover {II,g, x, A {N)) is a compatible datum for q and ~ A {N) {Ir^^h — F^). 
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2) If either N is odd or N is even and a; = (e.g. N/2 is even or H is cosemisimple), then, 
for any a, 6 £ N, we have 

( 1 fora + b = Q 

ay"<^y')^\ A(iV)(lH-g'^) fora + b^ N, a^O,b^O 
I otherwise 

and R = Rq (H, g, x) *s a quantum line. 

Proof 1) By Lemma we have = 0. By | |AMStu| , Corollary 3.22], there exists X{N) e K 
such that 



Y 



N 



A (N) {1r#^h - r^) - Ifl, ® A (N) {1h - g^) 



where A (N) = whenever g" = 1^. Thus, by (ml), we get i{y®y 



A (TV) (1 



H 



By [ AMStu, Theorem 3.29], there exists A {N)' such that g, x, A (iV)') is a compatible datum 
for q and = X {N)' (l ^^^h - T^) . Since A (iV) = whenever = Ih, wc get A {N)' = A (TV) . 

2) First of all, we point out that, in view of Theorem ?/" for any n > iV, so that we can 
assume 0<a, 6<iV— 1. 

Let Q < a^b < N — \. Then, from (p3|), we infer that 



unless a + 6 



' 2 ' ' 2 ' 



whenever they make sense. 

Now, if N is odd, the first assertion holds true in view of 1). 

Assume N is even and x = Q. The first assertion holds true in view of 1) 

The last statement follows in view of Lemma ^.10 , 



g and (fed). 



□ 



Lemma 2.12. AMStu , Lemma 3.8] Let H he a Hopf algebra, let A be a bialgebra and let a : H ^ A 
be an infective morphism of bialgebras having a retraction n : A ^ H (i.e. na = H) that is an 
H -bilinear coalgebra map. Let {R,m,u,S,e) be the pre-bialgebra in associated to (^,7r,(T) 

with corresponding cocycle ^. Then, for every r G R and h £ H , we have 

TT (rcr (h)) ~ e (r) h. 

Moreover the following assertions are equivalent: 

(1) C = e(g)e. 

(2) TT : A H is a bialgebra homomorphism. 

(3) R is a braided bialgebra in and Rij^^H — R^H is the Radford- Majid bosonization of 

R. 



Corollary 2.13. Keep the assumptions and notations of 2.i and assume that H is either f.d. 
or cosemisimple. Then there exists a X{N) € K such that (SS) holds and (i7, 5, x, A (A^)) is a 
compatible datum for q. 

If either N is odd or N is even and x ~ 0, then the following assertions are equivalent: 

(a) ^ = e (g) £. 

(6) The compatible datum {H, g,x, X{N)) is trivial. 

(c) R is a braided bialgebra (in fact a quantum line) in ^yT> and B = R^^H is the Radford- 
Majid bosonization of R. 



Proof. By Lemma 2.8, the first assertion holds. 

(a) <^ (6) By Proposition |2.1l| , we have that ^ = e 8) £ if and only if \{N){1h - ,9^) = 0. This 
condition is equivalent to triviality of the compatible datum. 

(a) <^ (c) It follows by applying Lemma 2.12 to {B, tt, ct) where tt : B ^ H, tt (rf^h) = e (r) h 
and a : H B, (T [h) ~ Inifh (see also Definition 1.11 and Remark 1.12). 



□ 



Theorem 2.14. Let H be a Hopf algebra over a field K. Let A be a bialgebra and let a : H —t A 
be an injective morphism of bialgebras having a retraction t: : A H (i.e. ira = Idn) that is an 
H -bilinear coalgebra map. Let {R,m,u,S,e) be the pre-bialgebra in ^yT> associated to {A,7r,a) 
and let ^ be the corresponding cocycle. Then the morphism cu : Rfj^cH A, uj{r ®K) ~ ra{h) is a 
bialgebra isomorphism. 
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Assume that 

m H is either f. d. or cosemisimple; 

• R is an N -dimensional thin coalgebra where P{R) ~ Ky. 

Let g E H and x G H* be such that (H, g, x) is the Yetter-Drinfeld datum associated to y and 
let q = xig)- 

Then there exists X{N) E K such that (H, X{N)) is a compatible datum for q and y'^^ = 
X{N)ilH~<jigf). 

Moreover the following assertions are equivalent: 

(a) m is left H-colinear. 

(6) N is odd or ^(y ® 2/-«^/2-i) = Q. 

(c) The n-th iterated power y'"" of y in R and the n-th iterated power y -*" of y in A coincides 
for every < n < N ~ 1. 

(d) R = Rq [H,g,x) is a quantum line. 

Furthermore, if these conditions are satisfied, for any a,b E N, we have 



(34) 



1 fora + b = Q 

® y") = <( A(iV)(lH-.g~) fora + b^N,a^O,b^O 
otherwise 



and the following assertions are equivalent: 

(1) ^ = £«)£. 

(2) The compatible datum {H, g,Xi X{N)) is trivial i.e. X{N) = 0. 

(3) A is the Radford-Majid bosonization of R. 

(4) TT is a bialgebra homomorphism. 



Proof. The first assertion follows by Definitions 1.11 



Assume that H is either f.d. or cosemisimple and that R is an A^-dimensional thin coalgebra 
where P{R) = Ky. 

The second assertion follows by Lem ma 2.8 which implies also that £,{y<E)y'^^^) = X{N){lH^g^). 

Note that the assumptions of 2.2 are fulfilled so that we can keep also the notations therein. 
In particular, we can consider a divided power sequence of non-zero elements in i? dp — li?; di ~ 
y, . . . ,dN~i which satisfies the conditions stated in 2.2. By ( p9| ) in Proposition 2.S, we have 
^(y «) 2/^/^^^) = iN/2 ~ l)^\x so that ^{y ® y^/^"^) = is equivalent to x = 0. 

[d) (a) is trivial. 

(a) =^ (b) Assume that N is even. 

If = 2, then, by Lemma 2.6, a; = 0. 

Assume N 2. Then, by Lemma 2.£ , we have 



P {dN/2 



-N/2 



® d 



N/2, 



and 



P {didN/2) = 3^+^/^ (g) didjv/2 + {xg - qgx) ® di. 



By hyp othe sis p (^didpf/2) = 5^+^/2 ® didpf/2, so that {xg — qgx) ® di = that is xg ~ qgx. By 
Lemma 2.6, we also have xg -V gx ^ Q whence g (qx) = qgx = xg = —gx. By multiplying on the 



left by g , we get qx 



which implies x = since q^ —1 (otherwise N = o{q) = 2). 



(5) =^ (c) By Proposition U , (6) implies N is odd or £, {y (g) y^/^"^) = 0. By [ |AMStu| , Theorem 
3.30], (c) holds true. 

(c) =j> (6) Assume that N is even. By Proposition we have that Y^/'^ = X + y^/^ ® 1h. Thus 

= iuivy^^/^ = a;(r^/2) ^ u; {X) + u; (y-^/^ ® 1^) = Cc> (A) + y-^/^ 

so that ui (A) = and hence A = 0. Since A ~ iN/2 — 1)^1(t (x) and o{q) = N wc obtain cr (x) = 
which entails a; = 0. 



(5) =^ (d) follows by Proposition 2.11 which also implies that ^ fulfills (p4| 



(1) ^ (2) follows by Corollary 2.13 



(1) ^ (3) ^ (4) follows by Lemma 2.12 



□ 
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Note that in the following result H is a. cosemisimple Hopf algebra and we require the existence 
of a retraction tt which is an.iJ-bilinear coalgebra map. In Theorem 3.8 H is assumed to be both 
cosemisimple and finite dimensional. In this case such a retraction always exists. 

Corollary 2.15. Let H be a cosemisimple Hopf algebra over a field K . Let A be a bialgebra 
and let a : H ^ A be an injective morphism of bialgebras having a retraction tt : A ^ H (i.e. 
TTd ~ Idjj) that is an H -bilinear coalgebra map. Let {R,m,u,6,e) be the pre-bialgebra in 
associated to (A, n, a) and let ^ be the corresponding cocycle. Then the morphism tu : R=ff^H A, 
uj^r <E) h) = ra{h) is a bialgebra isomorphism. 

Assume that R is an N -dimensional thin coalgebra where P{R) — Ky (hence a (H) = Aq). 

Let g € H and x G H* be such that {H,g,x) is the Yetter-Drinfeld datum associated to y and 
iet q ^ x{g). 

Then we have that: 

a) There exists X{N) E K such that {H, g,x, X{N)) is a compatible datum for q and y'^^ — 
X{N){lH^a{gf). 

b) The n-th iterated power y"" of y in R and the n-th iterated power j/ '^" of y in A coincides 
for every < n < N — 1. 

c) R ~ Rq {H, g, x) a quantum line. 
Moreover, for any a, 6 € N, we have 

( 1 fora + b^Q 

e(2/°®y'') = < A(iV)(lH-ff^) fora + b^N,a^O,b^O 
y otherwise 

and the following assertions are equivalent: 

(1) 5 = £«)£. 

(2) The compatible datum (H, g,x, X{N)) is trivial. 

(3) A is the Radford-Majid bosonization of R. 

(4) TT is a bialgebra homomorphism. 



Proof. It follows by 7) in Lemma |2.6| and by Theorem 2.14 



Note that, in view of Lemma 1.16, wc have a [H] = Aq. □ 

3. v4d-INVARIANT INTEGRALS 



3.1. Recall from [AMStc, Definition 2.7] that an ad-invariant integral for a Hopf algebra if is a 
X-lincar map -f : H ^ K such that 

for any h,x G H. From |AMSte , Theorem 2.27], any scmisimplc and cosemisimple Hopf algebra 
(e.g. f.d. cosemisimple and char (K) ~ 0) has such an integral. 

Remark 3.2. The group algebra, which is in general not scmisimple, always admits an ad-invariant 
integral. 

Lemma 3.3. Let x G H* be a character of a Hopf algebra H . Let n G N and let z E H. Then 
x" (h) z ~ h(y^zS {h(^2)) 7 for every h E H hz ~ zip^ [h) , for every h E H 



where Lpn is the automorphism of Lemma . 
Proof. Assume x" [h) z — ^ h(i)zS (^(2)) • Then 

hz = ^ h^^)zS (/i(2)) /i(3) = 5Z ^" (^(1)) ^^(2) = ^ H ^" (^(1)) ^^(2) = ^"Ph W ■ 
The converse also holds true, in fact 



□ 
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Lemma 3.4. Let {H,g,x) o, Yetter-Drinfeld datum and assume that H has an ad-invariant 
integral J (e.g. H f.d. cosemisimple). If g^ 7^ 1//, then the following assertions are equivalent: 



(a) X^W(l//-5^)=E^i) {^H 

(b) andg^ E Z (H) . 



9 ) ^ (^(2)) : for every h&H. 



Proof. Assume that g^ ^ 1. 

(a) (b) By applying 7 to both sides of equaHty in (a), we get 

7[x^W(1h-.9^)] = 7[EV)(l^-5"^)^(^2)) 
(MA (Iff -.9") = eff(/^)A(lff-g^). 

Since g^ G G {H) and g^ ^ 1h, we infer 7 (5^) = so that we get (h) ~ £h {h) for any h E H 
and hence x^ = ^h- By equahty in (a) and by Lemma |3.3| apphed to the case z = 1^ — g^ , we 
deduce /i (l^ — g^) = (l^ — g^) (h) , for every h e H. 

Since (/i) = E /i(2) = /i, we get that g^ e Z {H) . 

(b) (a) It is trivial. □ 



Proposition 3.5. Let H be a Hopf algebra endowed with an ad-invariant integral (e.g. H f.d. 
cosemisimple). Then a compatible datum for q is exactly a quadruple (i?, 5, x, A (A^)) , where 

• {H,g,x) Yetter-Drinfeld datum for q, 

• A (N) G K is arbitrary if 

and ff^eZ(iJ)\{lff}, 



X — £-ff, 



while A (N) ~ otherwise. 

Proof. By definition a compatible datum for g is a quadruple {H, g, x, A (N)) such that {H, g, x) is 
a Yetter-Drinfeld datum for q, A {N) G A' and A (A^) = if 

= Ih, or x"^ (/^) (lif - .9^^) 7^ ^ /^(i) (iff - .9^^) 5/i(2), for some h^H, 

while A (A^) is an arbitrary otherwise. Equivalently A (A^) G AT is arbitrary if 

^ Iff, and x"^ {h) (iff - g"") = ^ (iff - g^) ^/i(2), for every /i G il, 

while A {N) = otherwise. 

The conclusion follows by observing that, by Lemma \A, the displayed conditions are equivalent 



to X 



N 



H and G Z(i/)\{lff}, 



□ 



Remark 3.6. In the case when H = KG (H) and G (H) is a finite abelian group, in view of 
Proposition 3.5, our definition of a compatible datum agrees with |AS, page 679]. 



Proposition 3.7. Keep the assumptions and notations of 2.<. If H has an ad-invariant integral 
(e.g. H f.d. cosemisimple), then, there exists X{N) G K such that, for any a, 6 G N, we have 



1 

A(7V)(lff-5^) 




for a + b = 

fora + b^N,a^O,b^O 
otherwise. 



and (iJ, x, A (A^)) is a compatible datum for q. Moreover, in this case, R = Rq{H,g,x) a 
quantum line and, if ^ e ® £, we have 



X^^SH and g^ e Z{H)\{1h}. 



Proof. Assume that H has an ad-invariant integral. In particular this is a total integral and hence 
H is cosemisimple so that, by Proposition 2.11, we get the first statement. Assume ^ 7^ e (g) e. By 
Corollary this means A(Af)(lff - .9^) 7^ so that A(A^) ^ and g^ ^ Ih. By Proposition 
3.5, we conclude. □ 
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Theorem 3.8. Let A be a bialgebra over a field K. Suppose that the coradical H of A is a f.d. 
subbialgebra of A with antipode. Then A is a Hopf algebra and there is a retraction t: : A —> H 
(i.e. TTCT ~ H where a : H ^ A is the canonical injection) that is an H-bilinear coalgebra map. 
Let {R,m,u,6,e) be the pre-bialgebra in associated to {A,Tr,a) with corresponding cocycle ^. 

Assume that R is an N -dimensional thin coalgebra where P{R) — Ky. 

Then there exist 

• a primitive N-th root of unit q, 

• g E H,x ^ H* , A (N) G I'C so that (H, g,Xi (-^)) ^ compatible datum for q 
such that 

1) R ^ Rq (H, g, x) a quantum line spanned by y. 

2) The n-th iterated power of y in R and the n-th iterated power of y in A coincide for every 
0<n<N -I. 

3) 

(I fora-\-b = Q 

e(2/"®y') = < A(7V)(1h-.9^) fora + b^N,a^O,b^O 
y otherwise. 
Moreover A is a Hopf algebra with basis 

{y'a (h) \ < i < N ^ l,h e B (H)} , 

algebra structure given by 

y" ^ A(iV)(U-r^), 
a (h) y° = y^cr [ip'}^ {h)] for any a G N, and h E H 
and coalgebra structure given by 

Aa (y) = y ® U + r (8) y. 

Here fn : H ^ H denotes the algebra automorphism of H defined by (pn {h) — X]x(^(i)) f^i2) 
and r = (T (g) . 

Furthermore, if y^ = X (N) {1a - T^) ^ 0, then 

X^^en and g^ E Z {H)\{Ih} . 

Finally, if Z [H) — {!_?/}, then tt is also an algebra homomorphism and hence A is the Radford- 
Majid bosonization of R. 



Proof. In view of [AMStu, Theorem 4.5] it remains to prove the last two sentences. 
The second last one follows by Proposition 3.7 and Theorem 2.14. 

Assume that Z (H) = {1h} ■ Then, by the foregoing, we get A (N) [1h — g^) — s o tha t the 
compatible datum {H,g,x,^{N)) is trivial. The conclusion follows in view of Theorem 2.14. □ 

4. Ore Extensions 

Recall that for a A'-algcbra A, an algebra endomorphism ip : A A and a linear map S : A A 
such that S (ab) = a6 (b) + S (a) ip (b) , for every a,b E A (namely S is a, (/3-derivation) , the Ore 
extension (or Skew Polinomial Ring) A[X, ip, S] is A[X] as an abelian group, with multiplication 
induced by 

aX = 6 (a) + X<p (a) , for every a E A. 
The Ore extension A[X, ip, 6] fulfills the following universal property. 

Lemma 4.1. Let A[X,ip,d] be an Ore extension of A and let i : A A[X,tp,S] be the canonical 
inclusion. Let B be an algebra, let f : A ~> B be an algebra homomorphism and let b E B be such 
that 

f{a)b = f[S (a)] + bf [p (a)] , for every a E A. 
Then, there exists a unique algebra homomorphism f : A[X,ip,6] B .such that 

l{X) = b and loi = f. 
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Theorem 4.2. Let q be a primitive N-th root of unity. 

For any compatible datum {H, g, x, A (N)) for q, there exist a Hopf algebra 

= 0{H,g,x,X{N)), 

an injective Hopf algebra map uq : H O and an element y (z O such that 

{y'ao {h)\Q<i<N -l,heB{H)], 

is a basis for O , where B (H) is a basis of H ; moreover the algebra structure of O is given by 

= A (N) (lo - r^) , where T ^ ao (5) 

Co (h) y°' = y°'cFo Vp'h {^)] Z*"^ '^'^y 1 G and h ^ H, 

and the coalgebra structure is given by 

Ao (y) = y ® lo + r0y. 

Here ipn : H ^ H denotes the algebra automorphism of H defined by (fin (h) ~ X (^(1)) ^(2)- 
i) Let 

p:O^H, p [y'^ao W] = S^fih, for every < n < N - 1, h E B {H) . 
Then p is an H-bilinear coalgebra (not necessarily algebra) retraction (pao ~ H) of a. Moreover 
the pre-bialgebra in ^yT) associated to (0,p, cro) is {R,m,u,5,e) with corresponding cocycle ^ 
where 

1) R ^ Rq {H, g, x) is a braided bialgebra in ^yD, in fact a quantum line spanned by y of 
dimension N and the N-th power of y in R is zero. 

2) for any < n < iV — 1, the n-th power of y in R coincides with the n-th power of y in O, 
namely y". 

3) for any < a,b < N — 1, we have 

( 1 fora + b = 

e(y°®y')=< A(iV)(lH-.g'^) fora + b^N 
[ otherwise. 

Furthermore the map 

u : Rg {H, g, x) ^ O (i?, 5, X, A (TV)) , c^(r ® /i) = rao (h) 

is a Hopf algebra isomorphism. 

a) Let B be a bialgebra, let f : H ^ B be a bialgebra homomorphism and b G B be such that 

(35) fih)b^ bf [ipH ih)] , for every h e H, 

(36) 6^ = A (TV) (1 - / (g)^) , Ab(&) = 6® 1b + ./(.9)®6. 

Then there exists a unique bialgebra homomorphism f : O ^ B such that foaQ ~ f and f (y) = b. 

Proof. Let w = A (N) (l — g^) . We will endow the Ore extension O = H[X, ipn, 0] with a bialgebra 
structure and we will quotient it by a suitable ideal. By applying the universal property of Ore 
extensions to the case B = O ® O, f ~ {i®i) Ah and b = X®lo + g'S^X one can prove that 
there exists a unique algebra homomorphism Aq : O ^ O ® O such that 

Ao{X) = b = X ®lo + g®X and Aq o i ^ {i ® i) Ah ■ 

Let us apply once more the universal property of Ore extensions to obtain a counit. We do it 
in the case B = K, f = eh and & = 0. Therefore there exists a unique algebra homomorphism 
£0 '■ O ^ K such that 

£0 {X) = 6 = and eo o i = eh. 

Obviously (0,Ao,eo) is a coalgebra such that O becomes a bialgebra. Let us prove that O 
has an antipode. By the universal property of O, there exists a unique algebra homomorphism 
So-O ^ 0°P such that 

So (X) = b and So ° * = /, 
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where f : H ^ is the algebra homomorphism defined by / = iSh and h = —g~^X £ O. In 
conclusion So is an antipode for O which becomes a Hopf algebra. From Aq ° i = A// 
and So ° i ~ £h, we get that i is a bialgebra and hence a Hopf algebra map. The two-sided ideal 
J [X^ ~ w) of O is a Hopf ideal. Therefore we are led to consider the Hopf algebra 

Let : iJ — > O be the canonical map and set y = X + J . It is straightforward to prove that O 
fulfills the required properties. 



i) It follows by [AMSti;, Theorem 4.1] and Definitions 1.11 



ii) By the universal property of Ore extensions, if B is an algebra, f : H ^ B is an algebra 
homomorphism and b € B is such that f {h)b = bf [(pn {h)] , for every h e H,then, there exists a 
unique algebra homomorphism / : H[X, ipH, 0] B such that 

7{X) = b and Joi = f. 

Since 

7 (X^ -^v)=b^-7 [X (N) (1 - g^)] = 6^ - A (iV) (l - / (gf) = 

we obtain an algebra homomorphism f : O ^ B. Clearly / o = f and / (y) = b. 
Assume that i3 is a bialgebra. From 

{7®7)AoiX) = (j®J){X®lo+g®X)^b(^lB + .f{g)0b = AB{b) = AbJ (X) 

(7(8)7) Ao^= (7®7) Ah ^ if (E> f) Ah ^ AbI = AbJ o2 

we get Ab o f — {.f ® f) o Ao- From b ® 1b + f [g) ® b — Ab [b) we get Eb (b) — and hence 

EbI {X) = SB (b) = = So (X) and eBfi = eBf = eo- 

Thus ebo f = £o that / is a bialgebra homomorphism and hence / is a bialgebra homomorphism. 

□ 

Remark 4.3. Let {H,g,x,X{N)) be a compatible d atum for q where 7J is a cosemisimple Hopf 
algebra. Then, in view of Theorem 4.2 and of Lemma 1.16 , H is the coradical of O {H, g, x, A (N)). 

Theorem 4.4. Let H be a Hopf algebra over a field K . Let A be a bialgebra and let a : H ^ A 
be an injective morphism of bialgebras having a retraction ir : A ^ H (i.e. ira ~ H) that is an 
H -bilinear coalgebra map. Assume that either H is f.d. or cosemisimple and that the coalgebra in 
the pre-bialgebra in associated to {A, it, a) is N -dimensional and thin. 

Then there exists 

• a primitive N-th root of unit g, 

• g e H,xe H*,X{N) € K 

such that 5, X, A (A^)) is a compatible datum for q and there is a bialgebra isomorphism 
a : O (iJ, g, x, A {N)) — > A such that a o ao = c 



Proof. By [AMStu, Theorem 4.2], there exists z ^ A such that ^ is a Hopf algebra with basis 

{zV {h)\0<i<N -l,heB {H)} , 

algebra structure given by = X{N) (l^ — F^) ,a{h)z°- = z"- a [ip'^ (h)] for any a G N, and 
h Q H and coalgebra structure given by A^ (z) = z ® 1^ + F (g) 2. Here tpn . H ^ H denotes the 
algebra automorphism of H defined by ipH {h) = X ('^(i)) ^^(2) and T = a {g) . By Theorem 4.2 
appfied to that case {B, f, b) := {A, a, z) , there exists a unique bialgebra homomorphism 

a:0 = 0{H,g,xA{N))^A 

such that (T o (jQ = a and a (y) = z. Clearly a is bijective as it sends bijectively a basis of O to a 
basis of A. □ 
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Theorem 4.5. Let A be a finite dimensional bialgebra over a field K. Suppose that the coradical 
H of A is a subbialgebra of A with antipode. Then A is a Hopf algebra and there is a retraction 
TT : A ^ H (i.e. na = H where a : H A denotes the canonical injection) that is an H- 
bilinear coalgebra map. Let {R, to, u, 6, e) be the pre-bialgebra in associated to (A, tt, a) with 

corresponding cocycle ^. Then the following assertions are equivalent: 

(a) dim Ai = 2diuiH. 

(b) R is thin. 

Moreover, if one of these conditions is fulfilled, then there exists a primitive N-th root of unit 
q, g G H,x & H*,X(N) S K such that A (A*")) is a compatible datum for q and there is a 

bialgebra isomorphism a : O (H, g, x, A (N)) — > A such that a o ctq = a. 

Proof. The first part follows by Theorem pT^ . 

By Definitions 1.11, the morphism lu : Rff:^H — > A, ujir ® h) = rh is & bialgebra isomorphism. 
By [AMSte, Theorem 3.71], for every rt G N, we have that {R#^H)_^ ~ i?„ (g) H, where (i?„)„gfj is 
the coradical filtration of R. Through oj we get An = RnH so that 

dim H = dim Aq = dim Rq ■ dim H, dim Ai ~ dim Ri ■ dim H. 

From the first chain of equalities we get that dim i?o = 1 so that R is connected. Therefore R is 
thin if and only if dimi?i = 2 i.e. dim^i = 2dimiJ. 

The last part of the statement follows by Theorem 4.4. □ 



Remark 4.6. Part of the foregoing theorem is contained in [AS, Corollary, page 673] where it is 
proved that if A fulfills (a) then it is generated as an algebra by Ai. 

Lemma 4.7. Let q be a primitive N-th root of unity. 

Let (iJ, X, A (A'^)) be a co mpa tible datum for q where H is a cosemisimple Hopf algebra. We 
use the notations of Theorem 4_^. Let z ^ O — O {H, g, x, A {N)) , be such that 

Ao (z) = z ® lo + 7 ® -2, 7 G f o [H] . 
Then 7 = F and z :~ ya -\- (3 {1 — T) for some a, [3 ^ K . 

Proof. Recall that the map 

Lo:R^{H,g,x)*^H {H, g, x, A (iV)) , c^(r /i) = rao (h) 



is a Hopf algebra isomorphism. Since R = Rg {H,g,x) is connected, in view of Lemma I.IE, we 
have Oq = H through to where we identified ao {H) with H. Now z e Co Ao Co = 01 • By jAMStej , 
Theorem 3.71], we have that (Rff^H)^ =Ri®H. Through w, we get Oi = RiH = P{R)H + H. 
Hence 

z — ya + (3, for some a, P G H. 
From Ao (z) = z ® lo + 7 O z, 7 G G (H) , we get 

Ao {ya + (5) = (ya + /3) lo + 7 <8> {ya + (3) . 
Since l^o {y) = y ® Iq + T ® y,T e G (H) , we obtain 

ya(i) ® a(2) + ^ ^ctii) ® ya(2) + Ao (/3) = j/a ® lo + /? ® lo + 7 ya + 7 /3 i.e. 

J2y<^{i) ®a(2) =ya® lo 
Era(i) «'ya(2) =-i®ya . 
iP) = f3 (E> lo + J <E> (3 

Since, by Proposition 1.13| , t (uh) = ueh (h) for every u ^ R,h ^ H, by applying the map 
T : O —> R : u ^ U(^i^Sp {u(2)) and a total integral A G H* (which exists as H is cosemisimple), we 
get 

T (yai) ® a2 = T (ya) ® lo f y ® a = y (g) 6^ (a) lo 

Fai ® ya2 = 7 ® ya i.e. < Fai (g) ya2 = 7 ® ya i.e. 

lA(/3) =/3 + 7A(/3),AGi/* [ /3 = A (/3) (1 - 7) 
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a = Eh (a) G K 

T (g) ya = J ig) ya . 
/3==A(/3)(l-7) 

Now, since z ^ H we have a 7^ so that T (E) yet = j <E) ya is equivalent tor(E)y = j^y i.e. to 
7 = r. Then z:=ya + X (/?) (1 - T) , a, A (/3) G A'. □ 

Proposition 4.8. Let H be a Hopf algebra over afield K. Let A be a bialgebra and leta : H ^ Abe 
an injective morphism of bialgebras having two retractions tti, 7r2 : A H (i.e. TTia = Id/f , i = 1,2) 
that are H -bilinear coalgebra maps. Denote by i?* the pre-bialgebra in %yT> associated to (A, tt^, a) 
for i = 1,2. For i — 1,2 set Ti : A : a ^ a^^i^aSiTi (a(2)) • Then 

ri| -.R^^R^ and T2\ : R^ -> R^ 
are mutual inverse coalgebra homomorphisms. 

Proof. For every u ^ R^ , since, by Proposition 1.13| , [va {h)] = ti {v) Eh (h) for every v ^ A,h e 
H, we get 

T2T1 (u) = T2 [w(i)(TS'H-7ri (m(2))] = T2 ("(1)) EhShT^I ("(2)) = ^2 (") = U 

SO that r2| o ti\ = Idj^2. Similarly one proves that t^i o t2\ = Idj^i. Let us check that is a 
coalgebra homomorphism. Let u E R^ . We have 

(ti ri)(52 (m) *0 (t2 (w(i))) ® Ti (m(2)) 

= ^ Ti (u(i)CT57r2 (W(2))) 'X' Ti (m(3)) = '^^ (^(2)) = '^I'^l 

where the last equality follows as : A — > i?* is axpalgebra homomorphism and 5i denotes the 
comultiplication of i?*. Moreover £iTi [u) ~ Ea (u) — £i (u) . □ 

Theorem 4.9. Let q be a primitive N-th root of unity. Let {H,g, Xj ^ i^)) be a compatible datum 
for q where H is a cosemisimple Hopf algebra. We use the notations of Theorem {.i.. Let 

n:0{H,g,xA{N))^H 

an H -bilinear coalgebra homomorphism which is a retraction of the canonical injection uo- Then 
IT = p. 

Proof. Set O :— O {H,g,x,X{N)) and a := (Jq. As observed in Definitions there is a 

bialgebra isomorphism u) : R'^^i^H O where R'^ is the pre-bialgebra in Ifj^I? associated to 
(O, TT, a) with corresponding cocycle C- 
Set RP R. By Proposition jij 

Tp| : R^ RP : Uf^i-^aSp (m(2)) and : RP R^ : u i— > u^i-^aSn (m(2)) 

are mutual inverse coalgebra homomorphisms. 

Note that Rp is always thin unless iV = 1 and in this case 170 is an isomorphism so that 
TT = cr^^ = p. Therefore we may assume that Rp is thin. As a consequence R^ is thin too. Set 

z Ttt {y) ■ 

Clearly P (R'^) = Kz. Let 7 S -ff and 6 € H* he such that {H, 7, 9) is the Yetter-Drinfcld datum 
associated to z and let q" = 6* (7). In view of Corollary p.l5| , we have that: 

a) There exists v{N) e K such that {H,^,8,v{N)) is a compatible datum for q and z'°^ = 
KiV)(lff-a(7)'^). 

b) The n-th iterated power of z in i?'^ and the n-th iterated power of z in O coincides for every 
< n < iV - 1. 

c) R^ = Rq{H, 7, 6*) is a quantum hne. 

Moreover, O ~ R'^^^H as a bialgebra where, for any a,b G N, wc get 

1 for a + 6 = 

({z'' (E) z") ^ { v{N){1h-1^) for a + 6 = TV, a 7^ 0,67^ 
otherwise. 
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We have w (z ® 1h) ~ z so that ui ^ (z) ^ z (g) 1h and hence 

Ao(z) = Ao (ww-i (z)) = Aij,.#^H (w-i (z)) = (tj®tj) Ai?x#^_f/ (z® Iff) 

""^■^^ ' (^z ® (lii)(o) ® Iff + Ifl^ ® ^(-1) ® Z(^o) Iff^ 

= (w w) (z ® Iff ® Ifl Iff + Ifl, 7 ® z ® Iff) 
= Z lo + CT (7) ® z, 

where in (*) we used the cohnearity of the unity map of and the formula Z( _i) ( g z^q) = 7 z 
which holds as {H, 7, 0) is the Yetter-Drinfeld datum associated to z. By Lemma 4.7, we have that 
cr (7) = r = CT (g) (so that 7 = g) and z := ay + /3 (1 — F) for some a,f3GK. Hence 

z (z) = [ay + /3 (1 - r)] = ar^ (y) = az 

so that, since z 7^ 0, we obtain a = 1. 

Let us prove that z = y. RccaU that Fy = qyP. Set a := /3 (1 - F) G A' (F) . For every h e K (T) 
there exists h' G K (F) such that hy ~ yh' so that we can write 

z.(7V)(lff - F^) = z^ = (y + af = y^ + + yb = X {N) {la - F^) + + yb 

N-2 

where b = J2 V'bi and b^ G K (F) . Since {y °V (/i) | < i < iV - 1, ft. £ S (i?)} , is a basis for 0, 

4=0 

we get 6 = and 

N / \ 

HN) - A (N)] (Iff - F^) = = (lo ~r f^J2 ( J (-r)' • 

If F has finite order t, then F* = 1 and hence (7* = 1. From this we deduce N = o{q) \ t. We have 
two cases. 

t = iV) In this case F^ = 1 so that 

= W{N) A (N)] (Iff - F^) = (-1)^ + E ■ Z^"' (-r)^ . 

The coefficient of F^^^ is zero. Since N ^ 1 [R is thin) this coefficient is exactly {jJ^i)P^ ~ Nfi^ 
and we obtain /3 = 0. 

t ^ TV) In this case t > N and 1, F, F^, . . . , r^-i, F^ are linearly independent in K (F) so that 
the coefficient of p^^i is zero. Since this coefficient is exactly = Nf]'^ we obtain /3 = 0. 

The same argument works when F has infinite order. 
In any case we have z = ay + /3 (1 — F) = y so that i'{N) ~ A (N) . 
Finally, for every 0<i<N~l,hGB {H) , by Proposition 1.13| , we have 

TT [y-° V (h)] = TT (y-°') h^i: (z'"') h -k {z^^') h = e^. (z''^'*) ft = d,,oh = p [y'^'a (ft)] . 

Thus TT = p. □ 

Corollary 4.10. Let q be a primitive N-th root of unity. Let (iJ, y, x, A (A^)) be a compatible 
datum for q where H is a cosemisimple Hopf algebra. We use the notations of Theorem ^.1. Let 
Q be a pre-bialgebra in ff!V2? with cocycle C such that there is a bialgebra isomorphism $ : O = 
O (iJ, y, X, A (A'^)) — > Q4j=c,H where $ o ctq is the canonical injection H ^ Q^qH. Then $ induces 
an isomorphism 

<i>:{R, iH,g,x),0-'iQX) 
of pre-bialgebras with a cocycle in ^yT>. 



Proof. Let tt : QH^qH H he the canonical projection. Then in view of Theorem 4.9, we have 
TT o $ = p, where p is the map defined in Theorem 4.2. By Proposition 1.15, $ induces an 
isomorphism (/) : {Rq {H, g, x) , ~* (Qj C) of pre-bialgebras with a cocycle in ^yT>. □ 
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Corollary 4.11. Let H he a cosemisimple Hopf algebra over a field K. Let A he a bialgehra 
and let a : H ^ A he an injective morphism of hialgehras. Assume that there exists a retraction 
TT : A H (i.e. na ^ H) that is an H-hilinear coalgehra map and such that the coalgehra in the 
pre-hialgehra in %yT> associated to (A, tt, a) is thin. Let tt' : A ^ H he an H-hilinear coalgehra 
homomorphism which is a retraction of the canonical injection a . Then tt' = tt. 

Proof. Assume there exists a retraction tt : A — > iJ as in the statement. 

By Theorem 4.4, there exist a primitive iV-th root of unit g,(7 G iJ, x G H* and A (A^) G K 
such that (if, 5, X, A (A^)) is a compatible datum for q and there is a bialgebra isomorphism a : 
O {H, g, X, A (A^)) A such that a o a^i = a. Assume there is a retraction tt' as in the statement. 
Then 

TT oa o ao = TT o (T = Id// and tt' o (t o ao = tt' o cr = Id/j . 
In view of Theorem 4.9 we have that -k oa ~ p ~ it' oa "aO that tt = tt'. □ 

5. Compatible Data 

In this section we include some results on compatible data that will be needed in the sequel. 

Lemma 5.1. Let q he a primitive N-th root of unity and let (H, g, x, A (A^)) he a compatible datum 
for q. Let E he a Hopf suhalgehra of H containing KG [H) . Then (^E, g, x\Ej A (A^)) is a compatible 
datum for q. 

Proof. It is straightforward. □ 
Lemma 5.2. Let q he a primitive N-th root of unity, where N ^ 1. 



Let g, X, A (A^)) he a compatible datum for q. We use the notations of Theorem ^.i. Let O = 
O {H,g,x,^{N)). Then, for every character ij G O* , one has rj {y) ^ 0. Moreover rj (T)^ ~ Ik, 
whenever A (A^) =^ 0. 



Proof. We will apply Theorem 4.2. Let us check that 77 (y) — 0. 

From Ty = yipn (L) = qyT, by applying 77 on both sides, we get rj (Fy) = qrj (yT) i.e. 77 (F) 77 (y) = 
qri (F) rj (y) so that, since 9^1 (A^ 7^ 1), one has rj (F) 77 (y) = 0. From 7/ (F) 7^ 0, we get rj (y) = 0. 
Let us prove that 77 (F)^ = Ik, whenever A (A^) 7^ 0. We have 







V {yf = V (2/^) = V [A (A) (U - r^)] = A (A) (1 - 77 (F)^) 



Since A (A) ^ 0, we get 77 (F)^ = 1^. □ 

Lemma 5.3. Let q he a primitive N-th root of unity and let [H,g,x) he a Yetter-Drinfeld datum 
for q. Then g e Z {G (H)) and x ^ Z (G {H*)) . 

Proof. For any a G G {H) , we have 

9X(a)a ^gY^ x(a(i))a(2) ^ ^ a(i)x(a(2))5 = ax{a)g. 

Since a is invertible, we have that x(a) 7^ and hence ga — ag. 

Let 7 G H* be a character of H and apply 7 to both sides of (|8[). We obtain 

7 (5) ^('^(1))'^ (M) ^ Y^i'^w) >^(^(2))7 (5) 
that is, since 7 (g) ^ 0, that X*7 = 7*X- 1^ 
Proposition 5.4. Let qi be a primitive Ni-th root of unity, Ni ^ 

Let (if 31, xi, A (A^i)) he a compatible datum for qi. Using the notations of Theorem ^.1, let 
H'^ = 0{H\gi,xi,X{Ni)) and set 

yi = y, and Fi = F. 

Let q2 be a primitive N2-th root of unity, N2 7^ 0. 

The following assertions are equivalent for a character X2 G (^^) ; ^ group-like F2 G G (i?^) and 
an element A (A2) G K : 
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(1) (i?^, X2, A (A^2)) is a compatible datum for q2 

(2) (-ff ^, X2|ffi 5 (-^2)) is compatible datum for q2, 

X2{yi) = o, X2 (ri)xi (r2) = lif, 



y^r^^ ^ whenever \{N2) ^ 0. 

Moreover we have that 

(37) yirf=rfyi tff Xi(r2f'=lK. 

Proof. First of all observe that, by Theorem H'^ is a Hopf algebra and O (ff-^ , , xi , A (A^i)) ~ 
i?g (iJ^, gi, Xi) where R = Rq (^H^ , gi,xi) is a quantum line so that (see e.g. | AMStij , 

Theorem 3.9]) Corad {R#^H^) = Corad (H^) which means that Corad (H^) = Corad (H^) 
(here we identify with its image in H^). Thus, since Corad {H^) C H^, we have G {H^) C . 
Consider the algebra homomorphisms 

fH^ : H"^ H'^,ipH2{h) = ^X2{h(i))h(2), 

i^H-^ : ^H\^H^{h) = Y,h^^)X2{h2))- 

Let us prove that 

(38) T2(pm (yi) = i^m ivi) ^2 <=> X2 (Fi) xi (r2) = 1k- 

In view of Lemma |5.2| , X2 (yi) = so that we have 

VH-^ivi) = X]^2[(yi)(i) (yi)(2)=X2(yi)iA + X2(ri)2/i =x2(ri)yi. 



2/1x2 (1a) + riX2 (yi) = yi- 



i'H-^ivi) = Xl(2/i)(i)X2 (yi)(2) 

Thus, by the definition of the algebra structure of = O, we have 

^2'Pm{yi) = X2{Ti)T2yi ^ X2{Ti)yi(pm {T2) = xi (^2)x2{Ti)yiT2, 

'tpm{yi)^2 = yir2. 

Thus 

r2</?if2 (yi) = ipH^ {yi)T2 xi (r2) X2 (Li) yiT2 = yir2 <s=^ X2 (Fi) xi (r2) Ik- 
Let us prove that 



(39) 

We have 



1(2) 







yir2 



^(2yi)(i) (lif-rf^)5[(yi)(2) 

(l« - r^=) + Fi (1h - F^^) S (yi) = yi (l^ - r^=) - (l« - Ff^) F"^ 



Thus 



(iHi-r^^)^[(yi 



^(2) 



yir 



N2 



FiF^^Fr^yi 



yir 



JV2 



^2 yi- 



The last equivalence follows from Lemma 5.3 which gives Fi G Z (G (H^)) and hence F1F2 = F2F1. 
Let us prove (p^). Since F2 G -ff^, we have 



T!^-^y, = yi^^. (F^^= j = XI (F^^^ j yiF^^^ ^ xi (r2)^^ yiF^^ 
so that we get (^). 

(1) => (2) . Since (iJ^, F2, X2, A (A^2)) is a compatible datum for q2, by Lemma (iJ^, F2, X2|ifi , A 
is a compatible datum for q2. 

Since X2 is a character, by Lemma 5.2, X2 (yi) = 0, for every i G N\ {0} . 
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Since (H'^,T2,X2) is a Yetter-Drinfeld datum for (72, one has T2<^h2 {h) = tpH^ {h)T2, for every 
h e H'^. We apply this relation to the case h = yi : T2^h2 (yi) = ipH^ {yi)^2- By this 
condition is equivalent to X2 {^1) Xi (r2) = ^k- 
Assume now A {N2) 7^ 0. In this case we have 

rf^ ^ 1^2, and X2' (h) [im - r^') = hi) (lif^ - ^2') S\2), for every h e H^. 
For h = yi, we get 



'(1) 



Iff 



^^2 



(2) 



= xT (yi) (Ih 

so that, by dl), yiF^^ = T^^yi. 

(2) (1) . Let us prove that (iJ^,r2,X2) is a Ycttcr-Drinfeld datum for 52 that is 

r2Ex2(/i(i))/i(2) = X!'*(i)^2(/i(2))r2, for every /i e iJ^. 

Thus we have to prove that T2(pH2 (h) = ip^^ (h) ^2, for every h G H^. 
Now, recall that 

W = {y?cr {h)\0<a<Ni-l,heB {H^) } 
is a basis for so that it is enough to prove that 

T2ipH- iVih) - iVih) r2, for every heB {H^) . 

Since ip^^ and ip^^ are algebra homomorphisms, it is enough to check it for a = 1 and h ~ Ih- 
In fact since (^H^ ,T2, X2\h^) is a Yetter-Drinfeld datum for q2, then wc know that T2(pH^ (h) = 
V'_f/2 (/i)r2, for every /i G i/^ Since X2 (Fi) Xi (r2) = Ik, by (||), we have r2i^_f/2 (yi) = ?/>^2 (j/i) r2. 
Hence (ff^,r2,X2) is a Yetter-Drinfeld datum for 52 • 

Now, if A (A^2) = 0, then {H^, r2, X2, ^ (-^2)) is a compatible datum. 

Therefore wc can assume A {N2) ^ which implies 



and 



X2\m W (iffi - r^'j = E '^(1) - ^/i(2), for every /i G i/^. 



Since A(A'^2) 7^ and (iJ^, r2, X2|ffi 7 (-^2)) is a compatible datum for q2, it remains to prove 
that 



5/1 



(2), 



for every h G H\H^, 



Assume there is h G H^\H^ such that 



X^^ 



(2)- 



Since is a basis for , we can assume h G W and hence /i G W\H^ so that there exists a least 
a G N\ {0} such that h = y'^fc for a suitable fc G S (if^) . We have 



N2 



Sh 



(2) 



= E(yW(i)(i^^-r^i'^i(y?fc)(2) 

= x^Mfc)E(2^i)(i)(i^^-r^0^N)(2) 



x^Mfc)E(yr' 



(1) 



^W2 



5 



(2) 



In fact, since r2 ^yi = yir2 ^, by (^9|), we have 



^2) 



a-l\ 



'(2) 



0. 



E(yi 



'(1) 



(yi) 



(2) 
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Let us prove that X2 iu) = for every n € N. 
Ifn = Othen X2 (yi) = e {yi) = . 
If n = 1 then X2 (yi) = X2 (2/1) = 0. 

Let n > 1 and assume ivi) — ^ for every < i < n — 1. We have 

X2 (yi) - (xr' ® X2) (2/1) = xr' (yi) X2 (U) + xr ' (ri) X2 (yi) = o 

Moreover, we have 

x^^ (h) - r^^) = xf (y'^k) - r^^) = [xf (y)] " xf (fc) (i^^ - r^^ 

Hence 

X^^ {h) (iffi - F^"^) = ^ (iffi - F^^^) 5 

a contradiction. 



= 0. 



□ 



6. Examples 



First of all we want to exhibit an example of a bosonization as in Definitions 1.10 which is not 
a Radford-Majid bosonization. 

Example 6.1. Let iV > 1. Assume that the field K is algebraically closed. Let H = K (g) , where 
(g) is the multiplicative group associated to Z. Let g S /•sT be a primitive iV-th root of unity. Let 
X G H* be the character of H defined by setting x (.9) = 9- 

Then X''^ = Let now A {N) be an arbitrary non-zero element of K. 
Then, by Remark 3.2 we can apply Proposition and deduce that, (iJ, g, x-, ^ (^)) is a compatible 
datum for g. By Theorem 4.2 there exists a bialgcbra O = O {H, g, x, A (N)) , an injectivc bialgcbra 
map a : H O and an element y €z O such that 

{y^F" \ 0<a<N-l,neZ} 

is a basis for O. Moreover the algebra structure of O is given by = A (A^) (la ~ F^) , F"?/" = 
g°"y°r" for any a G N, and n G Z, and the coalgcbra structure is given by Aq (y) — lc> + F(g)?/. 
Here T = a {g) . Furthermore 

u : Rg {H, 5, x) ^ O (i?, 3, X, A (iV)) , L^(r /i) - mo {h) 



is a Hopf algebra isomorphism where 

^(y° = A(7V)(i^^ 




for a + 6 = 
.g^) for a + 6 = TV, a 7^ 0, 6 7^ 
otherwise. 



and Rq{H,g,x) is an A^-dimensional quantum line spanned by the powers of y an d the A'^-th 
power oi y m. R is zero. Since the compatible datum is non-trivial, by Theorem 2.14 , O is not a 
Radford-Majid bosonization. 



Remark 6.2. Note that, by Corollary 4.1C, there exists essentially a unique pre-bialgebra Q in 
^yT) with cocycle C, such that there is a bialgcbra isomorphism (f> : O = O (if, g, x, A (A^)) — + 
QH^cH where ^ o ao is the canonical injection H ^ Q^c^H. Thus O can not be regarded as a 
Radford-Majid bosonization of its Hopf subalgebra H . 

Remark 6.3. Let H he a. Hopf algebra over a field K. Let A be a bialgcbra and let a : H ^ A 
be an injective morphism of bialgebras having a retraction n : A ^ H (i.e. ttct = H) that is an 
if-bilinear coalgebra map. Assume that H is f.d. and that the coalgebra in the pre-bialgebra in 
Ifj^I? associated to (A, tt, a) is A^-dimensional and thin. 

Then, by Theorem 4.4, there exists a primitive A^-th root of unit q,g E H,x G H*,X{N) E K 
such that (-ff, g, X, A (A^)) is a compatible datum for q and there is a bialgebra isomorphism a : 
O {H, g, X, A (A^)) A such that aoao = o. We are looking for a minimal example of this situation 
such that the coalgcbra underlying the pre-bialgebra R in ^yT^ associated to (^,7r, cr) is not a 



quantum line. In view of Theorem ^.14 , we have that A^ is even and ^(y ® yR^I'^ i) ^ 0. Note 
that the assumptions of 2.2 arc fulfilled so that we can keep also the notations therein. By (p9|) in 
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Proposition 2^, we have ^(j/ (g) y^^^^^) = {N/2 - so that ^(y y^^'^~'^) = is equivalent to 
X = Q. Thus we need N even and x ^ 0. Iw view of Lemma from a; 7^ 0, we obtain N/2 ^ 1 
odd and H not cosemisimple. 

Then the minimal candidate for N /2 is 3 and hence = 6. 

Note that | dim H. In fact N \o{g) and o (5) | dim KG (H) . If iV = dim H then H ^ K (5) 
and hence H is cosemisimple. Since this should not be the case, we need TV ^ dimH and hence 
the minimal candidate is dimH = 2N = 12. Thus 

dim A = dimi? • dimiJ = 6 • 12 = 72. 

We now give an example of a 72-dimcnsional Hopf algebra A with a 12-dimensional Hopf sub- 
algebra H and an iJ-bilinear coalgebra projection tt onto H which is a retraction of the canonical 
injection a. The coalgebra underlying the pre-bialgebra R in associated to {A, tt, a) is a 

thin coalgebra but not a quantum line. In fact the multiplication is not left i7-colinear (see also 



Theorem 2.14). We have that R is generated as an algebra by the powers of y, where P (i?) = Ky, 



and that the powers of y in ^ and the powers of y in i? are actually different. This example shows 



that Corollary 4.11 can fail whenever we drop the assumption of H being a cosemisimple Hopf 



algebra. In fact, in view of jAMStu, Theorem 4.2] A admits an i7-bilincar projection p : A ^ H 



such pa ~ Idn but p 7^ tt (the pre-bialgebra associated to p is a quantum line). 

Example 6.4. Let isT be a field containing primitive 6-th root of unity q. Let = KG where 
G = (7) is the cyclic group of order 6. Let xi : G A' be the character of G defined by setting 
Xiil) = ^1 s-nd extend, by linearity, xi to a character of H^. Let 

Ni = 2, qi = -l, H^ = kG, <7l=7^ X{Ni)=OeK 



Then [H^, (71, xi, A (-/Vi)) is a compatible datum for qi. By applying Theorem 4^ we obtain a Hopf 
algebra A^ = O (if ^ , (71 , xi , A (iVi)) , generated as an algebra by a group like element 7 of order 6 
and a skew primitive element x with the following relations (where we identify with its image 
in A^): 

7^ = 1^1 , x^ = 0, jx + x"f = 0, 
Ayii (7) = 7®7,eAi (7) = A^i (x) = 7^ a; + X 1^1 , e^i (x) = 0, 

Sa^ (7) = 7"\ {x) = -j~^x. 



This 12-dimensional Hopf algebra is called Bq (see [Na|) 
Let ij2 = ^0{H\gi,xi,XiNi)) and set 



7^ 



Let 



N2 — 6, Q2 = 1 = primitive 6-th root of unity 
La = 7, A(7V2)-0e/v 

Let X2 : K he the character defined by X2 (7) = Q2, and X2 (x) = 0. By Proposition ^.4| , in 

order to prove that (iJ^, X2, A (A''2)) is a compatible datum for 52, it is enough to check that 
{H^ , T2, X2|ifi 7 A {N2)) is a compatible datum for 92 and that 

X2{x)^o, X2 (ri)xi (r2) i/f. 

Since A {N2) = we have only to prove that (i?^, r2, X2|_f/i) is a Yetter-Drinfeld datum for q2 and 
that X2 (Pi) XI (P2) = Ik- We have 

X2 (Pi) XI {T2) = X2 (7') XI (7) = 9' (-1) = -q^ = 1- 

Moreover X2|hi (P2) = X2\h^ (7) = X2 (7) = 92. We have to prove that 

'y^X2\m{h(i))h(^2) =^h(^i)X2\m{h{2)h, for every h e 
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Consider the morphisms 

ipHi : ^ : h I — > ^X2\H^ (^(i)) ^(2), fpH^ : ^ : h 1 — > X] '^(i)^2|Hi (^(2))- 

Note that both (p^i and ipjji are algebra homomorphism so that, in order to prove that "fipn^ (h) = 

ipjfi (h) 7, for every h G it is enough to check it for h ~ -f. 

Since (pn^ (7) ~ qj = V-'ffi (7)1 we get that [H^, T2, X2, A {N2)) is a compatible datum for (72- 
We apply Theorem 4.2. Therefore there exists a Hopf algebra ^ O (i/^, X2, A (Af2)) , an 

injective Hopf algebra map cr : and an element y G such that 

{yV (/i) I < i < iV - 1, /i G S (-ff^) } 

is a basis for where B {H^) is a basis of i/^. Let 

T (Fa) , X = cr (x) and Y = y. 

Then the algebra structure of A^ is given by 

Y^ = 0, r^^iA^, X^=0, 

TY = grr, = -yx, rx = -xr, 

and coalgebra structure given by 

A^2 (F) y ® 1^2 + r r, 

(X) = r3(K)X + x® 1^2, A^2(r) = r®r. 

Now we simply write H = and A = A^. Identify H with <t . Define 

n : A-> H,TT (Y'h) = (5j,o/i + S^^^Xh, 

for any < i < 5, G iJ. It is straightforward to prove that tt is an _ff-bilinear retraction of cr. 

Let us prove that tt is a morphism of coalgebras. Since tt is 77-bilinear, it is enough to check it 
on the powers of Y. We have 

(F (g)Y)(Y (E)1a) ^TY (g>Y ^ qYT (E)Y ^ q (Y (g) 1a) {T (g>Y) . 

By the quantum binomial formula, for any < n < 5, we deduce 

so that 

(tt (g) tt) (r") = (5„,olif®lff + <5„,3^®l//+(5„,3r=^«)X = Aa7r(y") 
£//7r(r'7i) = Eh {Sz,oh + 6^;3Xh) ^ S^^o^H (h) = eAiY'h) . 
We want to compute 

R = A'^'"'-"'^ = |a G A I ^a(i) «i7r (a(2)) = a® . 
Let < 71 < 5. Using the quantum binomial formula we obtain 



Since (3)^ = for < 71 < 2, we get 1a,Y,Y^ G R. Recall from Proposition 1.12, that the map 

T : A — > R,T{a) = ^ a(i)crS'ff7r [0(2)] defines a coalgebra homomorphism such that t [aa {h)) ~ 
T (a) Eh {h) ■ We have 

In particular we get 

r(l) = 1, r(y)=y, r(y2)=y2^ r (y^) = _ 
T(y'^) = Y'^ - {2q-l)YX, t{Y^) =Y^ +Y^X. 
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A. ARDIZZONI AND C. MENINI 



Since r (F") = F" - QY'^-^X and 

{FV {h)\0<i<N-l,heB [H^) ] 

is a basis for A, we get that {r (F") | < ?i < 5} is linearly independent over K. Since r is surjective 
and r (acr (/i)) = r (a) e_f/ (/i) , we deduce that {r (F") | < n < 5} generates R over and hence 
it is a basis. Let y = t (F) = F and denote by ?/"■ the n-th iterated power of y in R. Since (see 



Proposition 1.13 ) r (a) -i? r (6) = t [r (a) 6] , for every a,b £ A, it is easy to prove that 



yU ^ ^ (-yn) ^ _ y"-3j^^ f^^. ^^^^^ Q < n < 5. 

From this, since y = F, we get that the powers of F in A and the powers of F in i? are actually 
different. Moreover R is generated o ver A' by {y" | < n < 5} . 

A = O {H,r2,X2,^{N2)) has an _ff-bilinear projection 



Note that, in view of Theorem 4.2 



p : A H such that pa = Idn- Moreover the underlying coalgebra structure Q of the pre- 
bialgebra in associated to ct) is a thin coalgebra. In view of Proposition 4.8, R is 

isomorphic as a coalgebra to Q so that R is thin too. In particular P (R) ~ Ky. 



By Theorem 2.14, we get that the multiplication of R is not left iJ-colinear. Let us check this 



directly. Since, for every r € R, p (r) = J2 ^ i^w) ® ''(2)1 obtain 



PA (F") = F" ® F" + ( ^ j XF"-3 (g) F"-3 and pA (YX) = F"* FX + FX ® F 



so that 



YXj =F*(x)y'^ + 2Qj XF®y 



Since p (y^) = F^ we infer that the multiplication of R is not left iJ-colinear. Finally, since, 
for any r,s £ R, we have ^(r ® s) = 7r(r -a s), we obtain ^{y ® y"^) = n (Y -a F^) = n (Y^) = X so 
that ^ is not trivial. 

Remark 6.5. Let _ff be a Hopf algebra over a field K. Let A be a bialgebra and let cr : _ff ^ A 
be an injectivc morphism of bialgebras having a retraction n : A H (i.e. ttct = H) that is an 
7J-bilinear coalgebra map. Assume that either H is f.d. and that the coalgebra underlying the 
pre-bialgebra in Ifj^I? associated to {A, n, a) is X-dimensional and thin. 



Then, by Theorem 4.4. there exists a primitive 7V-th root of unit q,g G H,x £ H*,X{N) G 
K such that (_ff, x, A (A^)) is a compatible datum for q and there is a bialgebra isomorphism 
a : O {H, g, x, A (X)) — > A such that a o ao = a. We are looking for a minimal example of this 
situation such that i? is a quantum line but the bosonization is not a Radford-Majid bosonization. 



In view of Theorem p.l4| , this means A (X) ^ 0. 

Note that X | dimH. If dimiJ = p a prime number, then X is either 1 or p. In the first 
case ^ = e e so that the bosonization is trivial. In the second case = 1h- By definition of 
compatible datum we get A (X) ~ 0. 

Hence the minimal candidate is dim H = A. Let H = XC4 where C4 = {g) is the multiplicative 
cyclic group of order 4. Set X = 2. Let x'- H ^ K he the character defined by setting x (g) = —1. 
Then, {H,g,x) is a Yetter-Drinfeld datum for the primitive X-th root of the unity q ~ —1. By 



Proposition 3.£ , for every A (X) G K, [H, g, x, A (X)) is a compatible datum for g = — 1. Thus, for 



every A (X) G X\ {0}, O {H, g, x, A (X)) is the example we were looking for. 
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